Preparation

Remark on "replace” ( ->) function of Mathematica

Defining “a”2 -> 1” has no effect on a3, so that replace should be defined for every higher - order
terms.
Example:

l1+2a+3a”“2+4a"3/.a"2-1

4+2a+4a’

Defining pattern function "(a+b)(a-b)=a”2-b/2" is useful

MyProd[pl_, p2_] := Module[{a, b},
a = Factor[ (pl +p2) / 2];
b = Factor[ (pl - p2) / 2];
a”“2-b"2
1:

Example :

MyProd[a+b+c+d, a-b+c-d]

(a+c)? - (b+d)?

Mathematica is weak in this pattern. Example :

Expand[(a+b+c+d) (a-b+c-d)]

a?-b?+2ac+c?-2bd-d?

Simplify[(a+b+c+d) (a-b+c-d)]

(a-b+c-d) (a+b+c+d)

The result of MyProd[] is not obtained by default. MyProd[] also works for numbers :

MyProd[3, 5]
15

Norm expression when e = 2

Let be ("4 =-1, "8 = 1). We define "Replace" for it.

rulefl = Flatten[Table[£**®3 -> g%, (j, 1, 3}, {i, 0, 7}]]

S P G S L S e e P o O S T R
g1, 0 g, 8%, P 0, 20 st e s, 2, P s T,
51,858,802, 070,820, 825085, 80585, -7

ruleg2 = Table[g&' - -&*™*, {i, 4, T}]

{t>-1,8--¢,8%>-¢% 8 ->-2%

Polynomials of ¢:
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22-1
plr_] := (Z a; §ir] /. rulefl /. rulef2;

izo
pl =p[1]

ag+Car+C%az+C%as

p3 =p[3]

ao+§3a1—§2az+§aa

p5 = p[5]

ao-Car+8%az-C%as

p7 =p[7]

ao-Clar-r?a;-Cas

Simple product is not good as follows.
Expand [pl p3 p5 p7] /. rulefl /. ruleg2

aé+a‘{—4aoafa2+2a%a§+a‘21+4a§a1a3—4a1a§a3+2afa§+4aoa2a§+a§

Simplify[%]
a3+a‘{+a§—4a1a§ a3+2af a§+a§+2a% a§+2a1 a3) +4 ap az (—a§+a§)

We use MyProd[] as follows.
MyProd[pl, p5]

(ao+§2 az)2 -z (al +c? a3>2

MyProd[p3, p7]

(a0—§2 az)2 -z (§2 ai +a3>2

Letnbe (n*2 = -1, n"4 = 1).Wereplace?ton.
rulegn = &% -> n;

prodl5 = MyProd [pl, p5] /. rulefn

(a0 +naz)?-n (a1 +nas)?

prod37 = MyProd [p3, p7] /. rulefn

(ao-naz)?-n (nai+as)?

We define "Replace" for n.

rulenl = Flatten[Table[n***? - n*, {j, 1, 1}, {i, 0, 3}]]
{(n*->1,n°>n,n%>n* n"->n}

rulen2 = Table[r]i - -n*?, (i, 2, 3}]

{n?->-1,n*>-n}

prodl5mfd = Collect [Expand [prodl5] /. rulenl /. rulen2, n]

at-a%+2ajasz+n (—a%+2aoa2+a§>
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prod37mfd = Collect [Expand[prod37] /. rulenl /. rulen2, n]

at-aj+2aiasz+n (a§—2aoa2—a§)

norm2 = MyProd[prodl5mfd, prod37mfd] /. rulen2
(aﬁ—a§+2a1 a3)2+ (a{—Zao az—a§)2

Clearly, we see norm2 is a nonnegative real number.

Norm expression when e = 3
Let wbe (w"8 = -1, w6 = 1). We define "Replace” for it.

rulewl = Flatten[Table[w'*'®3 -> w?, {j, 1, 7}, {i, 0, 15}]]

{wlﬁ 51, w7 5w, W s w?, W 5w, W0 5, Wt o W, WP s Ws, WP s W, WP s W,
025 5 0%, WP s w0, W27 ol W28 L 12, 29 L 13, 30 L 18 31 15 32 g
w3 5w, w3 s w?, WP S, W s, W S W, W S W, WP s W, W s W, Wt s W,
W32 L 10, 83 L 11 44 12 a5 13 a6 L 1a a7 15 s g 49
W 5 w?, W s w3, WP oW, W3 oW, W s W, WP s W, W S W, W S W,

W5 s 10, 59 L Ll 60 L 12 61 13 62 14 63 15 64 g 65
w8 > w?, w7 5 W3, W S W, W 5 W, WY s WS, W s W, WP s W, WS W,

W74 0, W75 il 76 L 12 7T 13 78 L 18 )79 15 80 Bl
w8 5 w?, W S W3, W S W, W S WP, WB S Wt W s W, WBE S WE, W S W?,

090 s 10, O L 1L, 92 L 12 93 L 1308 14 95 15 96 97
09 S w?, w20 w3, W00 Lt IOl L S, 102 L 6 103 7 104 8 105 9
W06 Ly 10 107 11 108 12 109 13 110 o le 111 s 112 g

W3 s, M s 2, 115 3, 16 L b 10T 5 118 6 119 7 120 8
W21 L 9, 122 L 10 123 11 12a 12 125 13126 14 w127+w15}

rulew2 = Table[wi - -8, (i, s, 15}]

{wP > -1, 0 5 -w, 05 -0?, W' > -0, WP s —et, WP s -, WM s -8, W s -0}
23-1 .

qr_] := a; w'*| /. rulewl /. rulew2;
izo

ql =q[1]

ac+war+w?az+wlas+wtas+w as+wasg+w a

a3 = q[3]

ac+wlar+wlaz-was-wras-w as+w?ag+w as
a5 = q[5]
ap+w’ar-wraz-w az+was -was - w ag +w a;
a7 =q[7]

ap+w’ ar-wlaz+waz-w*as+wdas-w?as+way

a9 = q[9]

ap-war+w?az-wlas+wtas-was+was-w a;
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qll = q[11]

ao-wlar+wlaz+waz-was+w as+w?ag-w’ a;

q13 = q[13]

2 4 6 3

ap-war-wfar+w az+w*as+was - w® as - w as

q15 = q[15]

6 4 3 2

ao-w'ar-wlar-wlas-w*as-wdas-w?as-was

MyProd[ql, q9]

2
(a0 + w® az + w* ag + w® ag) * - w?

(a1+w?as+w*as +was)’

We see that translation w? to £ after ' MyProd' is effective.
rulewf = Table[w?3 > &7, {j, 1, 3}]

{wz SE, Wt o el w6%§3}

prodlet9 = MyProd[ql, q9] /. rulewf

(a0+Caz+C?as+C%ag)’-C (a1+Cas+as+L%a;)’

prod3etll = MyProd[qg3, ql1] /. rulewl
(a0+C%as-C?as+Cas)’-C (-Car+as+Clas-Cay)?

prod5etl3 = MyProd[g5, q13] /. rulewl
(a0-Caz+C?as-C%ag)’-¢ (-Par+Pas+as-Cay)’

prod7etl5 = MyProd[q7, ql15] /. rulewf
(a0-C%as-C%as-Cag)’-C (LPar+C%as+Cas+as)’

We simplify these by applying the rule of { as same in the case of e = 2.
prodlet9mfd = Collect [Expand[prodlet9] /. rulefl /. rulef2, g]

a%—aﬁ+2a3a572a2a6+2a1a7+§(—a%+2aoaz+a§72a4a6+2a3a7)+

t? (aj-2a1az+2acas-aj+2asay) + L (~aj+2azas-2aias+2aoae +aj)

prod3etllmfd = Collect [Expand[prod3etll] /. rulefl /. rulef2, ]

a%—a421+2a3a5—2a2a5+2a1a7+§3 (—a%+2aoaz+a§—2a4a6+2a3a7)+

&2 (—a%+2a1a372aoa4+a§—2a5a7)+§<—a§+2a2a472a1a5+2aoa6+a%)

prod5etl3mfd = Collect [Expand[prod5etl13] /. rulefl /. rulef2, ]

af-aj+2azas-2azas+2aiar+¢ (al-2acaz-af+2asas-2azar) +
§2 (a§—2a1a3+2aoa4—a§+2a5a7)+§3 (a§—2a2a4+2a1a5—2aoa6—a%)

prod7etl5mfd = Collect [Expand [prod7etl5] /. rulefl /. rulef2, ]

ag-aj+2azas-2azas+2ara;+L° (af-2acaz-ad+2asas-2azay) +
¢? (-aj+2ar1a3-2apas+ai-2asay) + £ (a§-2azas+2a1as-2aas-aj)

prodle5e9%el3 = MyProd [prodlet9mfd, prod5etl3mfd] /. rulefn

2
(a8+na3-2nairas+2nacas-aj+2asas-2azas-nag+2arar+2nasay) -

77(a§—2a0a2+na§—2na2a4+2nalas—a§—2naoa6+2a4a6—2a3a7—na%)2
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prod3e7ellel5 = MyProd[prod3etllmfd, prod7etl5mfd] /. rulefn

2
(a§-naj+2nairas-2nacas-aj+2asas-2azas+nag+2ara;-2nasay) -

77(na§72naoaz+a§72a2a4+2a1a5777a§—2aoa6+277a4a672r7a3a77a%)2

prodle5e9el3mfd = Collect [Expand[prodle5e9el3] /. rulenl /. rulen2, n]

ag—a§+4a1a§a3—2a§a§—4aoa2a§—4a§a2a4+4aoa§a4+8aoa1a3a4—

6alaj+aj+4alas-8aparazas+4alasas-4azajas+2a3at+4azaqal-
4ajai-4apatas+4alaras+4alasas-4azasas-8azasasas-+
8ajasasas+4apatag+6asat-4ajazai-4apasai-at+4alajar-4alar+
8a2a3a4a7—4a1aﬁa7—4a§a5a7+8a1a3a5a7—8aoa4a5a7—8a1a2a5a7+
8apgaszasar+4asatas;+2alai+dapazai-2ata?-4asagat+dazal+
77(—a‘ll+4aoafa2—2a%a%—4a%ala3+a§+4a8a4—4aza§a4+2a§aﬁ+4a1a3aﬁ—4aoa2+
4alasas-4ajalas-8ajazazas+8apasazas+6ala-4apazal-al-
4a§’a6+8a1a2a3as—4aoa%a6—4a%a4a6+8aoa2a4a5—8aoa1a5a6+
4asatag+2alat-2ajal-4asasat+dazai+daraja;-4alazas-
8apazasas+8agarasar+4adasar-4ajasa;+4azatay;+8azasasar-
8Bayasasas-4aiaiar-6a3aj+4ayasad+4aiasaj+4aoasal+al)

prod3e7ellel5mfd = Collect [Expand[prod3e7ellel5] /. rulenl /. rulen2, n]

ad-aj+4ar1a3az-2a%a3-4apazai-4alayas+4apalas+8agayasas -
6aaj+atj+4alas-8aparazas+4alasas-4azajas+2a3at+4azasal-
4a1a§—4aoafa6+4a5a2a5+4a§a4a5—4azaﬁa5—8a2a3a5a6+
8Bajasasas+4agatag+6asat-4ajazal-4apasal-at+4alajar-4alar+
8a2a3a4a7—4a1a§a7—4a§a5a7+8a1a3a5a7—8aoa4a5a7—8a1a2a5a7+
8apasasas+4asatar+2alai+dapazai-2atat-4asasai+daszal+
77(a‘{—4aoafa2+2a%a§+4a%a1a3—a§—4a8a4+4a2a§a4—2a%aﬁ—4a1a3a§+4aoaﬁ—
4alasas+4aralas+8ajazasas-8apasasas-6alat+4dapazai+ad+
4a§’a5—8a1a2a3a6+4aoa%as+4a%a4a6—8aoa2a4a5+8aoa1a5a6—
4asatac-2alat+2alal+4asasal-4ayai-4a1a3a;+4afazar+
8aoa2a3a7—8aoa1a4a7—4a(z)a5a7+4aﬁa5a7—4a3a§a7—8a3a4a6a7+
8a2a5a6a7+4a1a%a7+6a§a%—4a2a4a%—4a1a5a3—4aoa5a%—a%)

Numbers of terms in the coefficient polynomials are :

Table[Length[Coefficient [prodle5e9el3mfd, n, i]], {i, 0, 1}]
{43, 43}

The maximum value of the coefficients of those terms is 8 as following:
tmp = Coefficient [prodle5e9el3mfd, n, 0]

a-aj+4ar1a3az-2a%a3-4apazai-4alayas+4apalas+8agayasas -
6a§a§+aﬁ+4a§a5—8aoa1aza5+4a%a3a5—4a3aﬁa5+2a§a§+4aza4a§—
4dajai-4dapalas+4alaras+4alasas-4a,alas-8azazasas-+
8Bajasasas+4apatag+6asal-4ajazal-4apasal-at+4alajar-4alar+
8a2a3a4a7—4a1a§a7—4a§a5a7+8a1a3a5a7—8aoa4a5a7—8a1a2a5a7+
8Bajasasas+4asatar+2alali+dapazai-2ata?-4asasa?+4asal

Abs [MonomialList [tmp] /. Table[a; » 1, {i, 0, 7}]]
{1,4,4,4,6,4,8,4,4,4,8,8,8,4,4,1,4,4,6, 4,

8’ 8’ 8’ 4’ 4[ 4’ 2’ 2’ 8’ 4’ 4’ 8’ 4’ 4’ 4[ 2’ 4’ 4’ ]‘I 4’ 2’ 4’ 1}
Max [%]

8
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norm3 = MyProd [prodle5e9el3mfd, prod3e7ellel5mfd] /. rulen2

(aé—a%+4a1a§a3—2a%a§—4aoa2a§—4a§a2a4+4aoa§a4+8aoa1a3a4—6a§aﬁ+

a3+4a%a5—8aoa1a2a5+4a%a3a5—4a3aﬁa5+2a§a§+4a2a4a§—4a1a§—
4apatag+4adaras+4alasas-4azajas-8azaszasas+8aiasasas+
4apatas+6altat-4arasal-4apasal-at+4ajarar-4alar+
8ajasasas-4ajajasj-4a3asa;+8ajaszasay-8agasasay-8ajazasar+
8aoa3a6a7+4a5aéa7+2a%a%+4aoa2a%—2a§a3—4a4a6a§+4a3a%)2+
(a‘{—4aoa§a2+2a%a§+4a%a1a3fa§f4a8a4+4aza§a472a§aﬁf4a1a3aﬁ+
4apaj-4ajasas+4aralas+8arazasas-8apazasas-6ajat+4agazad+
a§+4a%a6—8a1a2a3a5+4aoa_§,a5+4afa4a6—8aoa2a4a6+8aoa1a5a6—
4asatas-2a3at+2a%al+4asasal-4ayai-4a1a%a;+4a%azar+
8aoa2a3a7—8aoa1a4a7—4a%asa7+4a§a5a7—4a3a§a7—8a3a4a6a7+

2
8a2a5a6a7+4a1a%a7+6a%a%—4a2a4a%—4a1a5a%—4aoa6a%—a‘71)

It is a sum of squares of real numbers, so that we see ' norm3' is a nonnegative real number.

Norm expression when e = 4
Let @ be ("6 = -1, ¢"32 = 1). We define "Replace" for it.
rulepl = Flatten[Table[¢**3?3 -> ¢, {j, 1, 15}, {i, 0, 31}]];
First three and last three of it are

and are First it last of three?

Take[rulepl, 3]

{0251, 0 > 0, 0> > 0?}
Take[rulepl, -3]
{(,0509 - (/)29, (/)510 N (030, (p511 N (031}

rulegp2 = Table[(pi > -t %, (i, 16, 31}]

{0 > -1, 07 5 -0, 0 5 -¢?, 0'° > -0%, 0*° 5 -0*, V*' 5 -0, 0P 5 -¢%, 0?5 - ¢,
(»024%_(108I (1025%_(»091 (1026%_(»010! (1027%_@11! (10289_(’012’ (’029%_(1013’ 4030%—@14, @31%_@15}

Here, let the coefficients of polynomials be m[0],...,m[15].
s[r_] :=
<a+bwr+cw2r+d(p3r+e(p4r+f(p5r+g(p6r+h<p7r+j(p8r+k<p

pw12r+q@13r+s<p14r+tq)15r) /. rulepl /. ruley2;

9r+m(p1°r+n(p11r+

s[r_] :=

L
zai o r] /. rulegl /. ruleg2;
i=0

sl=s[1]

ag+rpair+plar+plas+otas+o’as+ofag+o ar+
8 9 10 11 12 13 14 15
P ag+ @ ag+@ - aip+t@ T ainl +@T a2 +@TT aiz + @7 aig + @7 ais

s3 =s[3]

3 6 9 12 15 2 5
ot ar+@ a2+ az+Ptag+PT as - QT as - @ ay -
8 11 14 4 7 10 13
P ag—-@Y T ag - T aigt+tpainl+@ a2+ @ aiz+ @ ais+ QT as

We simplify their products by applying the rule ¢?=w as same in the case of e < 3.
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rulepw = Table[¢?7 » w3, {j, 1, 7}]

{w2_>w, (/)4%(4)2, (/)6%(1)3, (/)8%&)4, wlO%LUS, (012%(1)6, (014%0)7}

prodlmodl6 = Collect [Expand [MyProd[s[1l], s[17]] /. rulepw] /. rulewl /. rulew2, w]

2

S

“
> |
N
° |
°
"

€ & & & & €

ao—a§+2a7a9—2a6a10+2a5a11—2a4a12+2a3a13—2a2a14+2a1a15+
(—a%+2aoaz+a§—2a3a10+2a7a11—2a5a12+2a5a13—2a4a14+2a3a15)+

a572a1a3+2aoa4fa§0+2aga1172aga12+2a7a13—2a6a14+2a5a15)

N
—a§+2a2a4—2a1a5+2aoa5+a§1—2a10a12+2a9a13—2a8a14+2a7a15)+

a§—2a3a5+2a2a6—2a1a7+2aoag—a%z+2a11a13—2a10a14+2a9a15) +

—a§+2a4a6—2a3a7+2a2a8—2a1a9+2aoa10+a%3—2a12a14+2a11a15 +

a§—2a5a7+2a4ag—2a3a9+2aza10—2a1a11+2a0a12—a§4+2a13a15)+

—a%+2a5ag—2a5a9+2a4a10—2a3a11+2a2a12—2a1a13+2a0a14+af5

Numbers of terms in the coefficients of this polynomial are :

Table[Length[Coefficient [prodlmodl6, w, i]], {i, 0, 7}]

{9,9,9,9,9,9,9, 9}

prod3modl6

Collect[Expand [MyProd[s[3], s[19]] /. rulepw] /. rulewl /. rulew2, w];

prod5mod16 = Collect [Expand [MyProd[s[5], s[21]] /. rulegpw] /. rulewl /. rulew2, w];

prod7modl16 = Collect [Expand [MyProd[s[7], s[23]] /. rulepw] /. rulewl /. rulew2, w];

prod9modl6

Collect[Expand [MyProd[s[9], s[25]] /. rulepw] /. rulewl /. rulew2, w];

prodllmodl6 =
Collect [Expand [MyProd[s[11], s[27]] /. rulegpw] /. rulewl /. rulew2, w];

prodl3modl6 =
Collect [Expand [MyProd[s[13], s[29]] /. rulegpw] /. rulewl /. rulew2, w];

prodl5modl6 =
Collect[Expand [MyProd[s[15], s[31]] /. rulegpw] /. rulewl /. rulew2, w];

Each multiplication of two of these gives a third order polynomial of {:

prodlmod8 =
Collect [Expand [MyProd[prodlmodl6, prod9modl16] /. rulewf] /. rulefl /. rulef2, ]

ad-aj+4azalas-2a3al-4ayasat+4arai-4a3asas+4azajas+8azasasag-

8 a1
4 a;
4 ag
4a%
8 ag
4a6
8 ap
4 ay
4af
4 a?
8 as
4 aj
4a6
8 as
8 a1
8 ag
8 ag
4 aj

aq
aj
az
ae
as
as
ai
aj
as
ag
as
asg
a?
asg
ag
ag
ai

aj

asas-4acatas-6alat+darasat+dapasai+4ala;-8azazasar+
a7+4a§a5a7—8a1a3a5a7+8aoa4a5a7+8a1aza6a7—8aoa3a5a7—2a§a%—
a-4a;a%lag+4a3asag+8arasasag-12apajags-8aiazasag+8agasasas-
a8+8aoa2a5ag+8aoa1a7ag—6a%a§+a§+4a§a3a9—4a1a§a9—8a1a2a4ag+
agag+l2atasag-8apazasag-8apaiasas+4ataras-4ayagas+2asad+
a§—4a5a3—4aga10+8a1a2a3a10—4aoa§a10—4a%a4a10+8aoa2a4a10—
a5a10+4a§a6a10+4a%agalo—4a6a%a10—8a6a7a9a10+8a5a8a9a10+
ajp+6ataly-4asarals-4asagalg-4azasalo+4azaip+4aralan-
aj1-8apazasaii+8acarasann+4atasai-4alal+8asasagai-4asaian-
a11+8a5a7aga1178a4aga9a11+4a3a§a1178a5a5a10a11+8a4a7a10a11+
aloa11—8a2a9a10a11—4a1a§0a11+2a§a§1+4a4a5afl—12a3a7 a$; +
a?;+4ajasal+4asanal;-4ataran+4asalan+8asaiasann-12a3dagan+
a12—4a§a8a12—8a5a7a3a12+12a4a§a12+8a5a6a9a12—8a4a7a9a12—

agaiz +4azajaiz+4afagaiz-8asasagaz+8asasaia - 8azasaoaiz+
aio aiz -4 ao a%o ai2 - 8 asas a1 aiz + 8asz ag a1 a2 + 8azayairaiz-8aiasaii a -
ajta;z+6asal,-4azasal,-4arasal,-4araral, +12apagai, -at, +4alas-
aza13+4a(2)a3a13—4a%a7a13+4a5a%a13+8a5asaga13—8a4a7aga13—
a13—12a§a9a13+8a4asa9a13+8a3a7aga13+8a2a8a9a13—12a1a§a13+
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8 as as a10 @13 - 8 a3 ag a10 @13 - 8 @z a7 aio @13 + 8 a1 ag aip a13 + 8 ao @y aip a1z - 4 aj a1 ais +
8 az as aijx1 ai3 -8 azagailaiz+8aiasaiaiz-8apasair aiz-8aszagaizaiz+
8azasaizaiz+8aragazaizs-8agasazais+4amnalais+2ajal;+4azasai;-
1l2a1asal;+4apasalz-2a,a%;-4appanzal;+4asajs-4apa’ans+4alazans+
4a2a14—8a5a5a7a14+4a4a%a14+4a§aga14—8a4a6aga14+8a3a7aga14—4a2a§a14+
8a4a5a9a14—8a3a6a9a14—8a2a7a9a14+8a1aga9a14+4a0a§a14—4a§a10a14—
8 az as a1o a1s + 24 a2 ag a10 a14 — 8 a1 a7y aipo ais — 8 ap asg aip ais + 8 az a4 a1 aisg -
8azasailais-8aiagai as+8apgayai as+4ajazan-8azasaza+8aasanau-
8 ap ag @12 a14 - 4 ai; a1z as + 4 a0 afp a14 - 8 @z a3 @13 @14 + 8 @1 as @13 @14 + 8 @p as a1z a4 +
8aioailazas -8asaizaiza -4asalzann+6asals-4arasal, -4acasal, -6ajsals+
dagajials+4dagazals+darazals-4asai,+4adarais-4asalais+4aayas+
8a4a6a7a15—12a3a%a15—8a4a5aga15+8a3a6aga15+8a2a7a8a15—4a1a§a15—
4a421a9a15+8a3a5a9a15—8a2a6a9a15+8a1a7a9a15—8a0aga9a15+8a3a4a10a15—
8a2 as aio a15—8a1 ae A10 a15+830 a7 aio 315712 a% aill a15+8a2 a4 aill a15+8a1 as ail ais +
8 ao ag a11 ai1s + 4 al; ais + 8 az asz a1z ais - 8 a1 as a1z ais - 8 @g @s @iz ais - 8 aio @11 aiz ais +
4 ag af, a1s - 4 a3 a1z ais + 8 a1 as ai3 ais - 8 @ao as a13 ais + 4 ajp a1z ais - 8 ag a1 ais ais +
8 as a1z @13 @15 - 4 a7 ajz ais - 8 a1 @z a4 ais + 8 @ap @z @14 ais + 8 @g @10 A14 A1s -
8 ag a11 @14 @15 - 8 a7 @12 @14 @15 + 8 ag @13 @14 a1s + 4 as alg a1s + 2 af afs + 4 ap az afs -
2a§a§5—4a8a10a§5+12a7 a11a%5—4asalza%5—4a5a13a§5—4a4a14a§5+4a3a§5+
§(—a‘ll+4aoa%a2—2a%a%—4a§a1a3+4a8a4+a‘51—4a4a§a6+2a§a§+4a3a5a§—4a2a§+
4a§a5a7—4a3a§a7—8a3a4a6a7+8a2a5a5a7+4a1a§a7+6a§a3—4a2a4a%—
4ajasa?-4apasa’?-4ajag+8azasasag-4aatag-4altacas+8arasasas-
8ajasasas+4asatag-8azasasag+8ajasarags+8apasaysag+2asa3+4a;asaj-
l2apasai+4asajas-4alasag-8azasasag+12aratag+8azasasay-8ajasasag-
8aoa5a6a9+4a%a7a9—8a1a3a7a9+8a0a4a7a9—8a1a2a3a9+8a0a3a3a9+
6alaj-4apazad-as-4alasag+rdazaliag+8azaszasai-8aiasasaig-
4apgataig-12a%agaig+8aiasasai+8apasasan+8ayazaya-8apasarsa-
4a§agalo+8aoazagalo—8a0a1a9a10+4aga§a10+2a%af0—2a§a50—4a7agafo+
4asaly+4alaj;-8arazasaii+4ajajaii+4atasai;-8ajasasail+8agasasan +
8a1a2asa11—8aoa3a5a11—4a%a7a11—8aoa2a7a11+8aoa1a8a11+4a%a9a11—
4a§a9a11+4a7a§a11+8a7agaloa11—8a5a9a10a11—4a5a§0a11—6a§a%1+4a6aga§1+
4asagsal+4asagar-4azal;-4aratann+4atasaz+8arasasann-12a¢ajan-
8a1a2a5a12+8aoa3a5a12—4a§a6a12+8a0a2a6a12+8aoa1a7a12—12a§a3a12+
4a§a12—8a7aga9a12+4asa§a12+4a%aloalz—8a6aga10a12+8a5a9a10a127
4 as alyaiz +8agasail a2 - 8asagairaiz - 8asagail az +8asaioa az +4azal; az -
2ataj,-4asa;al,+12asagsa’, -4asasa,-4azapal,-4ajanal,+4apad, +
4a§a3a13—4a1a§a13—8a1a2a4a13+8aoa3a4a13+12a%a5a13—8aoa2a5a13—
8aoa1a6a13+4a%a7a13—4a7a§a13+4a%a9a13+8a6aga9a13—12a5a§a13—
8 ag a7 aip ai13 + 8 as ag ajp a1z + 8 as ag aip a1z - 4 as a%o a13—4a§ aii aiz + 8 as a7y a1 ais -
8 as ag ai1 @13 + 8 a3 as a11 @13 - 8 @z aro a11 a13 + 4 a1 af; a1z + 8 as ag a1z a3 -
8 as a7 a1z a13 - 8 az ag a1z a13 + 8 az ag a1z a3 + 8 a1 aip a1z a1z - 8 ap ai1 aiz aiz -
6ataj;+4asasal;+4asaral;+4aragsal;-1l2aiasals+4apagais+al;-4alau+
8a1a2a3a14—4aoa§a14—4a§a4a14+8aoa2a4a14—8aoa1a5a14+4a§a6a14+
4a§aga14—4a6a§a14—8a6a7a9a14+8a5aga9a14+4a4a5a14+12a§a10a147
8 as a7 ai0 @14 — 8 a4 as @10 @14 - 8 @z as aro a4 + 12 a2 ap a1 - 8 as ag ai1 ais +
8 as a7 a11 @14 + 8 @z ag ai1 aia - 8 @z @9 @11 @14 - 8 @y aio ai1 as + 4 ao a?; a1s + 4 ad ayz as -
8 ag ag a12 a14 + 8 az ay a1z a14 - 8 az ag a1z a14 + 8 a1 ag a1z a4 - 8 ap aio aiz aiq +
8 asas aizais -8 azagaizais -8 azazaizais+8aragaizais+8aoasaizais -
4ajpal;a;s-2a3a?,-4azasa?, +12aasals-4ajarals-4agasgals+2al,al,+
4a11a13a%4—4a10a§4+4a1a§a15—4a%a3a15—8a0a2a3a15+8aoa1a4a15+4a%a5a15—
4a$a15+8a6a7aga15—4a5a§a15—4a£a9a15+8a5a7a9a15—8a4aga9a15+
4a3 ag a15—8a5 ade A10 a15+8a4 a7z aio a15+8a3 ag aio a1578a2 ag aio a15—4a1 a%o ails +
4 af a11 ais + 8 as ag a11 ais - 24 az a7 a1 ais + 8 az ag a1 ais + 8 a1 as a1 ais +
8 ap aip a11 a15 - 8 as as a1z ais + 8 az ag a1z ais + 8 az ay a1z ais - 8 a1 ag a1z ais -
8 ap ag a1z a15 - 4 af a1z a1s + 8 a3 as a13 ais - 8 az ag a13 ais + 8 a1 a7 ais ais -
8 ao as a1z ais + 4 aip a1z a1s - 4 a1y alz ais + 8 as as a4 a1s - 8 az as a4 @15 - 8 a1 ag a4 ais +



8ao
4 a;

az
as
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2 2 .2 2
ais ais — 8 ail aiz aia ais + 8 ajp a1z aiga ais + 4 ag ajg ais - 6 as ais + 4 az as ais +
2 2 2 2 2 2 2
ajs + 4 ap ag ais + 6 ai; ais - 4 aio a2 ais - 4 as aiz3 ajs - 4 ag aig ajs + 4 as afs) +

&2 (a§f4a1a§a3+2a§a§+4aoa2a§+4a§aza4f4aoa§a478a0a1a3a4+6a%aﬁf

|

4 a3
2a§
4 a
4a3
8 a1
4 a2
4 ag
8 a
4 a3
8 ai
8a1
4 ag
4 a3
8 ap
4 a?
8a7
4 a,
8a1
8 ap
4 ay
8&7
4 ag
4 a,
8 ap
4 ag
8 ag
8 as
8 as
6 a2

8 a1
4 a
8 ag
8 as
4a§
8&1
8 a>

as
a?
aj
a3
ae
ae
a?
ay
a3
as
as
az
ae

as

+8agarazas-4alasas+4apatas-4adaras-ac-4atara;+4asaa;-
—4a4asa%+4a3a§+4a3as—4a§a5a3+4a4a%ag+8a4a5a7ag—8a3a6a7as—
ag-6ajai+4azasai+4arasai+4aiaraid-4aoai+4alag-8agasasas-+
a9+4a421a7a9—8a3a5a7a9+8a2a5a7a9—4a1a%a9+8a3a4aga9—8a2a5a8a9—
agag+8apasagag-2a%al-4aasal+12aj1asal-4agasai-4aqaa+
a10+8a3a5a5a10—12a2a§a10—8a3a4a7a10+8a2a5a7a10+8a1a6a7alof
alo—4a§aga10+8a2a4aga10—8a1asagalo+8aoa6aga10+8a2a3a9a10—
agaio-8acasasaio-6asalg+4aiaszalo+rdasasaly+alp+4ajasan-
aij1-8asasasail+8azasasail+4aiatan+12a%asai;-8azasara-
a7a11—8aoa5a7a11—8a2a3aga11+8a1a4aga11+8aoa5aga11+4a§a9a11—
aga11+8aoa4aga11+8a1a2a10a11—8a0a3a10a11—4a9a%0a11—2a§a§1—
a};+2a%a%+4asapnal-4aral; -4aja+8asasasann-4aalan-
a12+8aza4a5a12—8a1asasalz+4aoa§a12—8aza3a7a12+8a1a4a7a12+
a7a12+4a§aga12+8a1a3aga12—24aoa4aga12—8a1a2a9a12+8a0a3a9a12—

2 2
aio aiz + 8 ap az aip aiz +4 aj aip a1z -4 ag ajp aiz + 8 ap a1 a1 aiz2 - 8 ag ag ail aiz2 +
2 2 .2 2 .2 2 2 2
ajpairaiz+4asai;aiz-6agai;+6agai;-4ajyagai;-4asaipgai;—4asaiais+
a%2+4a3a§a13—4a§a5a13—8a2a4a5a13+12a1a§a13+8a2a3a6a13—

as
as

a6a13—8aoa5a6a13+4a§a7a13—8a1a3a7a13+8aoa4a7a13—8a1a2a3a13+
asaiz+12afagais-8aoazasais-4ajas-8aoalaais+8asasaais-

2 2 2 2
ajp a1z +4 agair ai3 -4 agairaiz+8ayagailaiz-8asaioai aiz+4asai; ais -

as
asg
aj
aq
a3
ag

aiz @13 + 8 @ag as a1z @13 + 8 as a1o @12 @13 - 8 @as a1 a1z a13 - 4 azaf a1z +2a% al; +
al;-12asagsa’s+4asapals+4azanal;+4azanzal;-4aiail;-4alasans+
a14+8a2a3a5a14—8a1a4a5a14—4aoa§a14—12a§a6a14+8a1a3a5a14+
a6a14+8a1a2a7a14—8aoa3a7a14—4a§aga14+8aoa2aga14—8aoa1a9a14+
ais +4 a% aip ais - 4 a% aip aia — 8 ay ag aip aia + 12 ag a%o ais + 8 ay ag ai1 aig —

ai1 ais - 8asao a1 aws + 4 ag af; aia + 4 a3 a1z a1a - 8 ag ag a1z a4 + 8 as as a12 a4 -

2
aio aiz a4 + 8 asz ai1 aiz aiq — 4 az ai; a1 - 8 ag a7 a1z ais + 8 as ag a1z aiq +

ag

2
aiz aig - 8 asaioaizais -8 azail aizais +8aiaizaizais+4aoaizau+

2 2 2 2 2 2 2
ajs-4asajajs-4asagaig-4asasais+12azaioais-4aiai ajs-4aoazais-
a%4+4a§a15—8a2a3a4a15+4a1aﬁa15+4a%a5a15—8a1a3a5a15+8aoa4a5a15+

az
ag
as
asg

a6a15—8aoa3a5a15—4a§a7a15—8aoa2a7a15+8aoa1a3a15+4a3a9a15—
ais + 4 ay aﬁ ais + 8 ay ag aip ais — 8 ag ag aip ais — 4 as a%o ais - 12 a% ai] ais +
a1 ais + 8 as ag @11 ais + 8 ag a0 @11 ais - 12 as af; ais + 8 ag as a1z ais -
aiz ais - 8 asz ag a1z ais + 8 asz aip a1z ais + 8 az a1 a1z ais — 4 a1 aj, ais -

a1z ais + 8 as a7 a1z ais - 8 as ag a1z ais + 8 az ag a1z ais - 8 az aip aiz ais +
a1l aiz ais - 8 ap aiz a1z ais - 8 as ag a4 ais + 8 ag a7 aiq ais + 8 as ag aig ais -

ag

2 2 .2 2
ais ais - 8 ay aijp a4 ais + 8 ap a1 aia ais + 4 aijz ajy ais + 2 as ais + 4 ag ag ajs -

12asajals+4azagsals+4aagals+4agagals-2alyals-4azansals+4an a§5> +

—aj+4ayadas-2a%ai-4a1asai+4apaij-4alazas+4aiadas+8ajazasas-

8ao
8 ap
4 a3
4a5
8 as
4 a3
4 aj
2 a3
4a§
4 a;
8 a3
4 a;
8a3

as
az
as
az
az
az
aj

asas-6atat+d4apazat+dalas-8ajarazas+4asalas+4alasas-
a4ae+8aoala5a5—2a%a§—4a1a§a7+4afa3a7+8aoa2a3a7—8aoa1a4a7—
aj+at+4alazags-4apalags-8aparasas+12adasas-4acasag+2aiaji+
af-4asai-4ajlags+8agararas-4atasas+4atasas-4asa?ag-8asasasgas+
agsag+4azajags+6atali-4asasal-4azasal-4aagad+4aas+dagala-
a10—4a2a10+8a5a6a7a10—4a4a%alo—4a§aga10+8a4a6agalo—8a3a7a8a10+
a10—8a4a5a9a10+8a3a6a9a10+8a2a7aga10—8a1aga9alo—4aoa§a10+

aly+4asasal;-12aracalg+4aiaralo+4dacasalo-4adaan+dasalai-

az
ag
as
as
ae

a11—8a4a6a7a11+12a3a%a11+8a4a5a8a11—8a3a6a3a11—8a2a7a3a11+
au+4aﬁa9a1178a3a5a9a11+8a2a5a9a1178a1a7a9a11+8a0aga9a117
alo a1l + 8 az as aip a1 + 8 a1 @ @10 @11 - 8 @p ay aip a1 + 6 a3 af; -4 az as al; -
a}1-4apasai;-at1+4alan-4atasax+4asata;+8asasaran-

a7a12—4a2a%a12—12a§aga12+8a3a5a8a12+8a2a6a3a12+8a1a7aga12—

12aoa§a12+8a3a4a9a12—8a2a5a9alz—8a1a6a9a12+8aoa7a9a12—4a§aloa12+
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8 az asg aip a1z -8 ar as aip ai2 + 8 ap ag aio a12 - 8 az az ai1 a2 + 8 ar ag aix aiz +
8apasajiaip+4appalann+2atal,+4arazal,-12apazal, -2a%gal, ~4asan al, +
4agafz+4a_§,a13—8a4a5a5a13+4a3aga13+4a§a7a13—8a3a5a7a13+8a2a6a7a13—
4a1a%a13+8a3a4aga1378a2a5a3a1378a1a5aga13+8aoa7aga13f4a§a9a13f

8 a ag ag a1z +24 a; as ag a1z - 8 ap ag ag aiz + 8 az az aip aiz3 — 8 ai as aip aiz —

8 ap as alo @13 + 4 a3 a11 @13 - 8 a1 as ai1 @13 + 8 ap as a11 a1z - 4 afp a1 a1z + 4 ag af; ais -
8 a; az a1z a1z + 8 ap asz aiz aiz3 + 8 ag ajp aiz2 a1z - 8 ag ai1 aiz aiz -4 as a%z a13+6a% 3%3*
4aoa2afg—6a§a§3+4a8a10af3+4a7a11af3+4a6a12af3—4a5a§3—4a4a§a14+
4aﬁa5a14+8a3a5a5a14712a2a§a14—8a3a4a7a14+8a2a5a7a14+8a1a5a7a147
4apaZajg-4alagan+8arasagais-8agasagais+8apasagai+8ayasasai -
8aiagagaigs-8apasagaig-12 a% aip ai4a + 8 a1 asz aip aia + 8 ap a4 aip aiaq +

48.%0 ais + 8 aj;az ai; aia - 8apasail aia-8agaipail aia+4as a%l a14—4a% aiz ais +

8 ap az a1z @14 + 4 aj a1z @14 - 8 ag aio a12 @14 + 8 @z a11 a1z ais - 4 ag ai, as -

8 ap a1 a1z a1s + 8 ag ag @13 a14 - 8 a7 aio @13 ai1a - 8 ag @11 a13 a14 + 8 as aiz aiz aus +
4a4a%3a14+2a%aﬁ—2a%a§4—4a7aga%4+12a6aloa%4—4a5a11a%4—4a4a12af4—
4a3a13af4+4a2a%4+4aﬁa5a15—4a3a§a15—8a3a4a6a15+8a2a5a6a15+
4a1a§a15+12a§a7a1578a2a4a7a15—8a1a5a7a1578aoa6a7a1578a2a3aga15+
8ajasasais+8aoasasais+4alasais—8ajasagais+8agagagals+8arazaioais -
8 ap a3 a10 a1s — 4 ag a3p ais - 4 af a11 a1s - 8 ag az a11 ais + 4 a$ a11 ais + 8 ag a1 a11 ais -
12 a7 a}; a15 + 8 ag a1 a12 a15 - 8 @ag @s @12 a1s + 8 @z a0 a1z ais + 8 a ai1 aiz ais -

4 as af, ais + 4 af a1z a15s - 4 af a13 a5 + 8 a7 @g @13 a1s - 8 @ @10 @13 a1s + 8 as a1 ais ais -
8 as a12 @13 a1s + 4 as alz ais + 8 a7 as a14 @15 - 8 ag @9 @14 ais - 8 as aip a4 as +

8 as a11 @14 @15 + 8 @z @12 @14 @15 - 8 @z @13 as a1s - 4 a1 aig a1s - 6 aj als + 4 ag ag afs +
4asagais+4asaalis-12asanais+4azanais+4aiazals+4aoan af5+a‘115)

Numbers of terms in the coefficients of this polynomial are :

Table[Length[Coefficient [prodlmod8, &, i]], {i, 0, 3}]
{245, 245, 245, 245}
prod3mod8 = Collect|
Expand [MyProd [prod3modl16, prodllmodl6] /. rulewf] /. rulefl /. rulef2, &];

prod5mod8 = Collect|
Expand [MyProd [prod5modl16, prodl13mod16] /. rulewf] /. rulefl /. rulef2, £];

prod7mod8 = Collect|
Expand [MyProd [prod7modl16, prod15mod16] /. rulewf] /. rulefl /. ruleg2, £];

Each multiplication of two of these gives a linear polynomial of n :

prodlmod4 =
Collect [Expand [MyProd[prodlmod8, prod5mod8] /. rulefn] /. rulenl /. rulen2, nj

a8 -af + +8a7als+
77(—a?+8aoafaz—20a%a‘{a§+16a8a§a§—2a3a‘2‘—8a§a5{a3+ +
8 as a10 als + 8 azai1 als + 8 az a1z afs + 8 a1 a1z als + 8 ap ais a§5+a§5)

Numbers of terms in the coefficients of this polynomial are :

Table[Length[Coefficient [prodlmod4, n, i]], {i, 0, 1}]
{30667, 30667}

prod3mod4 =
Collect [Expand [MyProd[prod3mod8, prod7mod8] /. rulefn] /. rulenl /. rulen2, nl;
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The maximum value of the coefficients of those terms is 896 as following:

tmp = Coefficient [prod3mod4, n, 0]

a8 -af+8ajafas-20afajai-8apazai+16a3ajal+ +8azasals +

8 aj as afs + 8 ag ag afs — 4 a?; als - 8 aip a1z als - 8 ag a13 afs - 8 ag aiq als + 8 a7 als

Abs [MonomialList[tmp] /. Table[a; » 1, {i, 0, 15}]]

{1,8,8,8,8,8,8,8,28,8, 16, 16, 16, 16, 48, 8, 8, 8, 16, 16, 16, 16, 48, 8, 16,
48, 16, 16, 24, 16, 8, 16, 8, 8, 16, 16, 16, 16, 8, 16, 16, 16, ,

32, 16, 48, 24, 16, 16, 32, 8, 8, 8, 16, 8, 4, 16, 8, 8, 24, 12, 24, 2, 8,

32, 16, 8, 20, 4, 8, 16, 8, 24, 8, 1, 8, 12, 24, 32, 8, 2, 16, 20, 8, 1}

Max [%]
896

Multiplication of these gives a non-negative real number:

norm4 = MyProd [prodlmod4, prod3mod4] /. rulen2

(af-af+ +8a7a15)2+(a§78a0a§a2+ )2

Computation of me for e=2

Ne (bg (xp) —a (x)) withxe S

tbl21 = Flatten[Table[{ao, a1, a2z, a3, norm2},
{ao, -1, 1, 2}, {a1, O, 2, 2}, {az, O, 2, 2}, {as3, 0, 2, 2}], 3];

TableForm[tbl21]

-1 0 0 0 1
-1 0 0 2 17
-1 0 2 0 25
-1 0 2 2 9
-1 2 0 0 17
-1 2 0 2 81
-1 2 2 0 73
-1 2 2 2 41
1 0 0 0 1
1 0 0 2 17
1 0 2 0 25
1 0 2 2 73
1 2 0 0 17
1 2 0 2 81
1 2 2 0 9
1 2 2 2 41

This part gives 16 norm values and their max is 81 as follows.
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tbl21 = Flatten[Take[Transpose[tbl21], -1]]
{1, 17, 25, 9, 17, 81, 73, 41,1, 17, 25, 73, 17, 81, 9, 41}

Length[tbl21]
16

Max [tbl21]
81

Ne (bg (xg) - b;i (x)) withkesS, 1=0

tbl22 = Drop[Flatten[Table[{ao, a1, a2z, a3, norm2},
{ao, 0, 0}, {a:, O, 2, 2}, {a2, 0, 2, 2}, {a3, 0, 2, 2}], 3], 1];

(The case x = kg was deleted by the function Drop[ ..., 1].)
TableForm[tbl22]

0 0 0 2 16

0 0 2 0 16

0 0 2 2 32

0 2 0 0 16

0 2 0 2 64

0 2 2 0 32

0 2 2 2 16

This part gives 7 norm values and their max is 64 as follows.
tbl22 = Flatten[Take[Transpose[tbl22], -1]]
{16, 16, 32, 16, 64, 32, 16}

Length[tbl22]
7

Max [tb122]
64

Ne (bg (xg) - bi (x)) withkeS, 1+0

tbl23 = Flatten]|

Table[
j =Mod[i, 3] +1;
k =Mod[j, 3] +1;

Table[{ao, a1, a2, a3, norm2},

{ao, -1, 1, 2}, {ai, 1,1, 0}, {ajl 0, 2, 2}, {ak, 0, 2, 2}],

{i, 1, 3}]

r 417



TableForm[tb1l23]
-1 1 0 0
-1 1 0 2
-1 1 2 0
-1 1 2 2
1 1 0 0
1 1 0 2
1 1 2 0
1 1 2 2
-1 0 1 0
-1 2 1 0
-1 0 1 2
-1 2 1 2
1 0 1 0
1 2 1 0
1 0 1 2
1 2 1 2
-1 0 0 1
-1 0 2 1
-1 2 0 1
-1 2 2 1
1 0 0 1
1 0 2 1
1 2 0 1
1 2 2 1

This part gives 24 norm values and their max is 68 as follows.

tb1l23 = Flatten[Take[Transpose[tbl23], -1]]

2
34
34
2
2
34
18
50
4
36
4
68
4
4
36
68
2
18
34
50
2
34
34
2

fe-math.nb | 13

(2,34, 34,2, 2, 34, 18, 50, 4, 36, 4, 68, 4, 4, 36, 68, 2, 18, 34, 50, 2, 34, 34, 2}

Length[tb1l23]
24

Max [tb123]
68

Summary: 47 norm values (17 different values). Their max is me=8|

Length[tbl21] + Length[tbl22] + Length[tb123]

47

Max [tbl21, tb122, tb123]

81

Union[tb121, tbl22, tb123]
(1,2, 4,9, 16, 17, 18, 25, 32, 34, 36, 41, 50, 64, 68, 73, 81}

Length[%]
17
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Computation of me for e=3

Ne (bg (kKp) —a (x)) withkxe$S

tb1l31 = Flatten[Table[{ao, a1, a2, a3, as, as, as, a7, norm3},
{aOI '11 1! 2}! {alr OI 2! 2]’! {a21 ol 2! 2}! {a3r ol 2! 2}!
{a4r o, 2! 2}! {a5I ol 2! 2}! {aGI ol 2! 2}! {a7l ol 2, 2}]r7];

This part gives 256 norm values and their max is 97393 as follows.

norms31 = Flatten[Take[Transpose[tbl131], -1]];

Length[norms31]
256

max31l = Max[norms31]

97393

The maximizer patterns are :

Select[tb131, #[[9]] == max31 &]
({-1,2,2,0,2,0,2,2,97393}, {1,2,2,0,2,0,2,2,97393}}

Ne (bg (kg) -b; (x)) withke$S, 1=0

tbl32 = Drop[Flatten[Table[{ao, a1, a2, a3, as, as, as, a7, norm3},
{aOI o, o}l {alr 0, 2, 2}1 {aZI 0, 2, 2}1 {a3l 0, 2, 2}!
{as, 0, 2, 2}, {as, O, 2, 2}, {a6, O, 2, 2}, {a7, 0, 2, 2}], 7], 1];

(The case x = Ko was deleted by the function Drop[ ..., 1].)
This part gives 127 norm values and their max is 73984 as follows.

norms32 = Flatten[Take[Transpose[tbl32], -1]];

Length[norms32]
127

Max [norms32]

73984

Ne (bg (xg) -bi (x)) withkeS, 1+0

tbl33 = Flatten]
Table[
j1l =Mod[i, 7] +1;
j2 =Mod[jl1l, 7] +1;
j3 =Mod[j2, 7] +1;
j4 =Mod[j3, 7] +1;
j5 =Mod[j4, 7] +1;
j6 =Mod[j5, 7] +1;
Table[{ao, a1, a2, a3, a4, as, as, a7, norm3},
{ao, -1, 1, 2}, {ai, 1, 1, 0}, {ajll 0, 2, 2}, {ajZI o, 2, 2},
{aj3l ol 2! 2]‘! {aj4l ol 2! 2}! {aj5l 0! 2! 2}! {ajGI ol 2! 2}]!
{i, 1, 7}]
, 81;
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This part gives 896 norm values and their max is 65314 as follows.

norms33 = Flatten[Take[Transpose[tb133], -1]];

Length[norms33]
896

Max [norms33]

65314

Summary: 1279 norm values (267 different values). Their max is me=97393

Length[norms31] + Length[norms32] + Length[norms33]
1279

Max[norms31, norms32, norms33]

97393

Union[norms31, norms32, norms33]

(1, 2, 4, 16, 49, 81, 98, 113, 162, 196, 226, 256, 257, 272, 289, 324, 337, 353,
452, 512, 514, 529, 577, 578, 593, 625, 674, 706, 784, 881, 1024, 1028, 1058,
1156, 1186, 1201, 1217, 1250, 1296, 1348, 1412, 1552, 1649, 1681, 1762, 1777,
1808, 1922, 2048, 2116, 2129, 2273, 2306, 2308, 2372, 2401, 2402, 2434, 2500,
2657, 2833, 3088, 3106, 3202, 3217, 3281, 3298, 3313, 3361, 3362, 3524, 3554,
3844, 3856, 3969, 4096, 4097, 4112, 4177, 4226, 4258, 4352, 4418, 4546, 4612,
4624, 4802, 4804, 4868, 4996, 5314, 5329, 5378, 5392, 5537, 5569, 5648, 5666,
6178, 6212, 6274, 6404, 6434, 6449, 6561, 6562, 6596, 6722, 6817, 6928, 7108,
7121, 7184, 7556, 7633, 7793, 7938, 8002, 8081, 8098, 8192, 8194, 8273, 8452,
8516, 8546, 8578, 8704, 8836, 9092, 9232, 9314, 9377, 9409, 9442, 9604, 9697,
9986, 10256, 10466, 10658, 10756, 10768, 10786, 10897, 11074, 11441,
11969, 12241, 12482, 12544, 12769, 13058, 13073, 13122, 13124, 13328,
13378, 13444, 13634, 14096, 14161, 14242, 14321, 14722, 14737, 14786,
14864, 15044, 15073, 15121, 15266, 15632, 15793, 16004, 16144, 16162,
16384, 16388, 16609, 17092, 17153, 17408, 17924, 18052, 18306, 18562,
18721, 18818, 18884, 19202, 19204, 19472, 19984, 20674, 20736, 20738,
21188, 21776, 21794, 22032, 22049, 22148, 22658, 22721, 22882, 23409,
23633, 23938, 23953, 24832, 25088, 25313, 25538, 25889, 25921, 26 146,
26384, 27073, 27268, 28273, 28322, 28817, 28928, 29057, 29186, 29 444,
29794, 30434, 30532, 32272, 32644, 32657, 32866, 33026, 33218, 34289,
34306, 34816, 35153, 36368, 36612, 37409, 40177, 40708, 40738, 42001,
43202, 44098, 46754, 47617, 49664, 51697, 51938, 52496, 54401, 54532,
55681, 56 002, 59716, 60688, 63236, 65201, 65314, 73984, 77537, 97393}

Length[%]
267
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Computation of me for e=4

Ne (bg (kKp) —a (x)) withkxe$S

tbl41 = Flatten|
Table[{ao, ai, a2, a3, as, as, as, a7, as, ay9, aio, ai1, aiz, aiz, ais, ais, normé},
{aOI -1, 1, 2}! {all o, 2, 2]’! {aZI o, 2, 2]’! {a3r o, 2, 2}!
{as, o, 2, 2}! {as, o, 2, 2}! {as, 0,2, 2}1 {a7, 0, 2, 2}1
{as, 0, 2, 2}, {a9, O, 2, 2}, {a10, O, 2, 2}, {a11, O, 2, 2},
{ai2, 0, 2, 2}, {ai3, 0, 2, 2}, {ais, O, 2, 2}, {a1s, O, 2, 2}], 15];

This part gives 65536 norm values and their max is 542909003297 as follows.
norms41l = Flatten[Take[Transpose[tbl141], -1]];

Length[norms41]
65536

max41l = Max[norms41]

542909003297

The maximizer patterns are :

Select[tbl41l, #[[17]] == max4l &]

({-1,2,2,2,2,0,0,2,2,0,0,2,0,2,0,2, 542909003297},
(1,2,0,2,0,2,0,0,2,2,0,0,2,2,2,2,542909003297}}

Thus, themax of thenormine = 4 is expected tobe 542909003 297.



