Appendix: Reduction of computation times of N.()s
(i) For o = a(k) — bo(ko),
o= (£l £1, - F1) = (0,1, 1) = (£, qze_1),

where «; € {0, —2}. Number of « is 22°.
(i) For a = b;(k) — bo(rko) with i = 0 and K # Ko,

Oé:<0,:|:1,--- 711)_(071’... 71):(07041,... 70426_1)’

where a; € {0, —2} and at least one of «; is not zero. Number of « is 2%~ — 1.
(iii) For a = b;(k) — bo(ko) with i # 0,

o= (ila == 1707:i:17' o 7i1) - <07 17' o 71) = (ila&lf T, G, _1aai+17a2€71)7

where a; € {0, —2}. Number of « is (2° —1)(22°71).
Total number of N,(«) is

€ e e e 1
2% 427 (26 —1)(2¥ ) =22 (52e +1) —1.
Lemma 1 Let n be an odd number.

fe(ca Ay, 7an> = fe(_ca Ap,y - aal)

proof: By transposing and multiplying (—1)""!,

c ay - ap c —a, -+ —a —c a, -
o B
(LHS) = | %" - - = (RHS)
. ’.' c. al . '.‘ t. _a/n . ’.' c. a/n
—a/l DY —an C an PR al C _a"I’L DY —al —C

Corollary 1

Ne({alr) = bolro) 5(0) = 1) = N ({alx) = bo(ro)l(0) = ~1})
proof: We use Lamma 1 as ¢ = 1. For any a € {a(r) — bo(ko)|x(0) = 1},
No(@) = fo(l,a1, - ase_1) = fo(—=1,a0e_1, - ,a1) = No(c),
where a; € {0, -2}, i € I,. This o/ belongs to {a(k) — bo(ko)|r(0) = —1}.
Corollary 2 For any i € I,
N ({0:(5) = bolrs0) 5(0) = 1}) = Ne ({bar—(s) — bolo)|(0) = —1})
proof: We use Lamma 1 as ¢ = 1. For any a € {b;(k) — bo(ko)|x(0) = 1},

Ne<a) = fe(17 a, -+ i1, 1, a1, ,CL2671)
= fe(_]-a Age_1," " 7ai+1a_]—aa'i—17"' 7a1)
= N.(d),

where a; € {0, -2}, i € Iy N I;. This o/ belongs to {bse_;(k) — bo(ko)|r(0) = —1}.
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Remark 1 We can omit computations of N(c) when oy = 1, which are half cases of (i) and

Total number of o to be computed is reduced to

1 .. . 1 . o1 3
—22° 4 ol 1 (e —1)(2¥ ) =22 (=2 4+ 2) — 1.
527+ +5@ - =2 (g2 + )

Corollary 3 Let n be an odd number.

fe(oaala e 7an) = fe(Oaam e >a1)

Remark 2 Wen can omit one computation of f.(0,a1, - ,a,) and fo(0,an,, - ,a1), which
appear in (ii).

Lemma 2 Let n be an odd number.
fe(a07 T 7an) - fe(an7 e ,CLO)
proof:

—ag Ay, e Q9 ai
—aq —ag Ay, “ee a2

(LHS) Lerpma 1 fe(—ao,an, -+ ,a1) = |—as —ay

—Qo Qnp,
—Qp 0 TGz —a1 —do
A T az a;  —ao
—Qo  QAn az —ap
= — —aq T e —asg
—Qo Qnp,
—Qp-1 -+ —a1 —Qy —dan
G, T 5) a; Qg
—ag an, . e as a
= —aq . . Qo | = (RHS)
. . P .
—Qp—1 -+ —G1 —Aap Qan

Remark 3 For a € {bye_1(k) — bo(ko)|x(0) = —1} in (4ii), ap = age_1(= —1) holds. We
therefore can omit one computation of fo(—1,a1,- -+ ,age_o,—1) and fe(—1,ase_9,--- ,a;,—1).

Corollary 4 Let n be an odd number.
(Z) fe(a1>"' ,Cln,()) = fe(oaala"' 7an)
(7'7') fe(a17"' ,Cln,()) = fe(anv"' 7a170)

proof:

fe(aly"' 7an70) Lem:ma2 fe(oaam"' 70J1)

|| Cor. 3

fe(ana"' >a170) Lem:ma2 fe(07a1>"' 7an)

Corollary 5 We can omit all computations of N(«) if age_y = 0 in (ii), that is, we omit
fe(0,a1,- -+, az_s,0).



proof. In (ii), for any o = (0,aq,- -+ ,age_1) in which age_; = 0, there exists one index j such
that a; # 0 and aj1; = -+ = age—1 = 0. Then

f6(07a17"' aa'jvoa"' 7070):f6(0707a17”' ,CL]‘,O,"' aO):"':fe(O)"' a070707a17"' ,CL]‘)
by virtue of Corollary 4.

In implementation, reduction by Remark 2, Remark 3 and Corollary 5 needs no-simple
program codes. So these reduction is not applied for e = 1,2 (only Remark 1 is applied there.)



